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Abstract

An electromagnetic wiggler field is used as a pump in this work. A guide magnetic
field is added to this configuration, since it is necessary in order to confine the
beam against the effects of self field. A small amplitude backward electromagnetic
wave is introduced as an additional perturbed electromagnetic wave, and first order
perturbation analysis is applied. A small signal gain formula is derived for this
system. Numerical calculations shows that this backward radiation field contributes
for gain enhancement of the system when it approaches orbital instability. This
enhancement of the gain is found within a new range of both the wiggler field
amplitude and the perturbed frequency.

1. Introduction

In recent years, a great departure from conventional lasers to new interesting and
greatly desirable lasers have been achieved after the developments of the theory and ex-
periment of FREE ELECTRON LASERS (FEL). FEL is remarkable in its various appli-
cations, and for diagnostics in atomic, molecular and solid state physics. Its applications
extend to biology, medicine, chemistry, industry and defense [1,2,3].

In this study we want to exploit an electromagnetic wave as a pump instead of
the static magnetic field. The development of two-stage free electron lasers facilitate the
implementation of the idea of the electromagnetic pump. In this laser a long-wavelength
wave from a low-energy free electron laser is used as the wiggler for a short-wavelength
FEL using the same, low energy electron beam [2,4].

Carmel et al., demonstrated the first operation of a two-stage backward-wave
FEL[5]. Backward waves oscillator functions as the pump wave in his study. Freund et
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al.[6], studied the interaction between a relativistic electron beam and an electromagnetic
wiggler in the second stage. His work represents an introduction to a more comprehensive
analysis of the linear gain for the same system. It is found that in using electromagnetic
pump v x éw is balanced by the displacement current, allowing, in principle, propagation
of purely one-dimensional waves in large interaction volumes|[3].

Recently, H. Freund et al.[6,7] used a configuration which consists of a uniform
axial-guide magnetic field, and a backwards propagating electromagnetic wave. Linear
gain is calculated for this configuration which includes an additional sinall-amplitude plane
electromagnetic wave propagating antiparallel to the large amplitude electromagnetic
wiggler and parallel to the axial-guide field and the direction of electron flow.

L.Friedland et al.[3] derived the small signal gain in the case of a configuration
consisting of forward electromagnetic pumped FEL with a guide magnetic field which
include an additional small amplitude plane electromagnetic wave propagating parallel to
both the electromagnetic pump and axial-guide field and to the direction of electron flow.

H.Freund et. al [6,7] concluded that his approach concerning the gain is more
convenient than that which was done by Friedland. But we think that this is incorrect.
Because the different assumptions for the two configurations lead to different results.

This work is an extension to that done by L.Friedland. In section 2.1, we will review
the dynamics of the relativistic electron beams in combined guide and electromagnetic
pump field. Also, the possibilities for a helical steady state equilibria is discussed. In
section 2.2, we go through stability analysis, and the stability of the helical equilibria
is discussed. Section 3, concerned with deriving a formula for the small signal gain in
FEL in the case of a small-amplitude backwards vacuum electromagnetic field, which is
used as an additional perturbed electromagnetic field. In our calculations we follow the
same method used by L.Friedland et al.[3] in calculating the gain formula for the same
pump and guide fields, but with different perturbed electromagnetic fields. Section 4 will
concentrate on numerical examples for the performance of different FEL amplifiers, and
analysis of the results physically. Results and conclusions and comparison with previous

results are presegtﬁdﬁ Suggestions for future investigations are reported.
/’

2. Equations of Motion

2.1. Steady state solutions

In this section we will deal with a cold relativistic electron beam propagating in an
electromagnetic field which is derived from the vector potential [3]

Ay = —Ap[Cos(koz — wot)é, + Sin(koz — wot)é,] . (1)

The electromagnetic field is given by
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_, 15‘A — e
0 = o BO VXA()+Bléz . (2)
e oot

where B; =const.(the guide magnetic field)[9,10]. The final form of the electromaguetic
field is

- A
By, = _“"’C O(Sin(koz — wot)éx — Cos(koz — wot)é,]
EO = k’oA()[COS(kQZ — u)ot)ef + S’L?’L(k()o — wof) 1/] + B]( . (3)

It is assumed that the density of the electron beam is low and does not influence E[, and
By.

At this stage, we will study the dynamics of the electron beam using the momentum
equation

9 - . xB ,
{a + - V] (my7) = —e[Eo + 2 XC “} (4)
This equation is rewritten as follows
1o} - o -
[(,)—%-UV}(VU—({):QéZ xid—(Va).U, (5)
-
where
é1 = —é,5ing + é,Cos¢ (6)
éy = —6,Cosp — é,Sind (7)
éy = ¢, (8)
and ¢ = koz — wot, @ = ﬁ%ez = apéy, T = ct, U=2 Q= ;Tff—;, w, = “2. The
coefficients of the identical base vectors can be written separdtely as follows
0 0
[3 +u38 }('yul)—i-( wp — uz)(yuz — ag) = —Quo (9)
0 0 ,
o +uz—=— | (yuz) — (wy — kous)(vur) = Quy (10)
T 0z
0 0
[E + U3—a—2:| (’YU3) = aok()ul. (11)

Note that Eqgs.(9)-(11) have a particular solution u; = 0, uz = ug = Const, v =y =
Const.. Substituting this value for the particular solution into Eq.(9) we find

(uzoko—wg)ao
Yo
ugo = ( (12)

’
U30k0 - w0> - %
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But we know that ~ (the relativistic factori s defined

Detine 5 o = w ey 4 waey + ugey . This nimplies thae
2 2
5 b agy gy

Equations (121 and (14) represent four possible steady-state ~ol:
2. ko and &), It 1s found that the critical values for the wiggler
calculated from the formula

201 N
duso Qo (kowsy — )
- U
dQ2 ausyot g
where
-
: kT8, vy,
apy” —a’ — —— T‘“"U - I
0 ERTH
)

and o o= @0
and ¢, = L.

2.2. Stability Condition

In this section we will use the perturbed steady-state helical econhiniin. Then we
obtain a homogeneous second order differential equation, which will he verv helpful in
studying the stability of the steady-state helical trajectories.

We shall follow A. Goldring and L.Friedland[3]. to obtain this cifferential equation
We begin our analysis by writing the solutions of Eqs.(9)-{11) of the previons section in
the form

w; = w0 +wio = 1.2.3 (1%

where u,’s are constants or zero, while w, s are assumed to be small perturbations 1o an
adequate degree so they will obey linearized equations. The equatini representing the
perturbation in energy is

Y=Y *t9 (19)

where ¢ is a small perturbation in cnergy. Substituting Eqs.(18) aud (191 into Eqgs.(9)-
(11), then rearranging terms after taking first order perturbation t rms and using the
energy equation

me?y = ~€§, ) (20
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we found
Gy + piwr =0 (21)
where .
k2 a2 Q .
ap? = a® — %{] — 2 (22)
Yo

We note that the necessary condition for stability of the steady-state helical trajectory is
2
s > 0.

3. Small Signal Gain

3.1. The Method

L.Friedland succeeded in calculating the gain in different FEL configurations
using this recent method. The general formula which was derived by L.Friedland is writ-
ten as follows[3,8]

hw)? N, d
I'= —(——%E(Ugo <n >u'u) (23)
where )
FE
- 2
Q=+ (24)

E is the perturbed electromagnetic wave amplitude, Q is the time-averaged energy density
of the perturbing electromagnetic wave, N, is the particle density of the electron beam.

€ = mecyo(t) (25)

where € is the average number of quanta fiw absorbed by an electron in a single pass
through the interaction region.
We find < n >,, from

<n> <5 (26)
n >aw
2(hw)?
where s is given by
£2 . .
s = —ec/ a(t') - (Eo(z(V),t') + E(z(t'),t"))dt’ (27)
t1

We note that the previous integration is with respect to the time t' along the
electron trajectory. The moments at which the electron enters and leaves the interaction
region are represented by the symbols t; and t5.
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Now we consider the case in which the electrons move in one of the steady- state
helical trajectories, discussed in section 2. In this case we assume no perturbed electro-
magnetic waves. So we can write U as ¥ = ug + w;, so that correct to first order in E

t2 . t2 .
sz-ec[/ (u‘{)-E)dt—l—/ (cJ}~E0)dtj| (28)
t

1 tl

3.2. Gain Calculation

In this section we will apply the method stated in Sec.2.1 to calculate the small
signal gain when a small amplitude backwards electromagnetic wave is considered as a
perturbed radiation field:

This electromagnetic field is written as follows[6,7]

E = E[-é,Sin(kz +wt) 4 é,Cos(kz + wt)] (29)
B = E[é,Cos(kz+ wt) + ¢é,Sin(kz + wt)] (30)
Using the following transformations and definitions
t—t', T'=ct,w' =%, w' == and
,3 = (k—ko)z+(w'+w0’) (31)
s al
'w = k‘Z() + w/Tl + (32)
!
T
b = —hozo+uwpr + 2 (33)
where T =7y — 71, 1 <7 <72, 0< 7" <7, 7/ =7"+ 1+ T, 2= 20 + uger”
Equations (29)-(30) become
E = E[e,Cos(Br" + 1 + ¢1) + e25in(Br" + v + ¢1))] (34)
B = E[6Sn(Br" + ¢+ ¢1) — é2Cos(B7" + ¢ + )] (35)
When we consider the case for 3 ~ 0, we find
s _ kougo — wp (36)
1+ uzo
Since ugg << ugzp, the last equation can be rewritten as follows
w' = 702(1 - U30)(k0u3() - UJ(I)) (37)
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new electric field.

where
L <t < %, ' =ct', dr’ = dr"
The previous equation can be simplified as follows

_ 2eup ESin(ZF)Sin(y + ¢1)
B

In order to find the integrand of the second integral in Eq.(28) for w; due to the amplified
wave, we go back to the momentum equations (Eqgs.(9-11)) and add new electromagnetic
interaction terms to it.

After tedious algebra we found a second order differential equation in w;

I = (39)

W1+ ps’wi = Ney (40)
where Q )
1 1+w
N = —|(uzg+ 1){a — — P2 41
Yo ( 30 )( ﬁ) Yo (U'BO . ’Up) 20 ( )
and

€2 = —eoSn(Br" + ¢ + ¢1), €0 = <&

mc?

We used the method of undetermined coefficients to solve this inhomogeneous second
order differential equation. We considered the following initial conditions in this analysis

wl(T1>:0, (/:11(7'1)27'1.

The general solution for Eq.(40) is given approximately (8 — 0, and p? >> (3?) by the
following equation

N
w(7") ~ —u—ZOSin(ﬁT" + Y+ 1) (42)
s
But we know that
T T
A 5 2AowoNE [Z
I, = — &Aoo / Cwpdr = SE0E T Gin(Br 4+ 61)dr” (43)
c -z me3 p? -z
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The previous equation can be rewritten as follows

_ 2e?Aqwo NESin(ZL)Sin(y + ¢1)

I, = 3
Introducing the following parameters 6 = ﬁTT, T= u%o
SO
_ QU300
==1
Equation (39) becomes
EL Sinf
L= -7 Sin (g + ¢1)
Uus3o 6
Equation (44) becomes
NeEL . Sind
Iz = %_Szn(w + ¢1) s
CHSU30 0

Since s = I} + I, and E? = 87Q, < s® >,, can be written as

2r o 2
Sind
< g2 > 0= 47‘(’Q62L2 [—um + aosz} ': ks }
1 o
and
271'Q62L2 Ot()o.)oN ?
aw= T 55 | — 0
<n o= G [+ S| PO
where
. 2
F(o) = {Szenﬁ]

So we can write the gain formula as follows

o 2mNee’L? [_uzo N aow(;N] dF(0)
U30 cp? de
But
dF(0) dF df
de  df de
and

a6 (W +wp)L duzg
de 2ul, de

(50)

(53)
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Equation (51) can be simplified as follows

I'=

7TN€€2L3 i:_u20 CY()UJ()N:| 2 dF / ’ du;g() (54)

ud, cu? E(w o) de

Combining Eq.(14) and Eq.(25)together and differentiating the resulting equation with
respect to ¢, we found

34 213 3
duzo  a’ + agky(uso — vp)

= 55
de mcuzoypap’ (5)
Now we substitute Eq.(55) in Eq.(54), the gain formula for this system becomes
TN2L3(w' + w)) apwoN1° dF(6)
= e 0 3 k3 . 321 _ ) 56
e @ 1 Rl —wp)ag]| muo + = do (56)

4. Results and Conclusions

The gain formula for electromagnetically pumped FEL with a guide magnetic field
was derived by using an additional small amplitude backward plane vacuum electromag-
netic wave as a perturbed radiation field.

The contribution of a small amplitude backwards radiation field for gain enhance-
ment of the system will be discussed explicitly, below.

In section 3, we calculated the gain by introducing a small backwards electromag-
netic wave as an additional perturbed radiation field. Comparison between the numerical
results for two configurations (L.Fiedland et al. and ours) is reported.

However, the following set of parameters vy = 3, L = 100cm, | u; |= 0.1, and the
frequency of the amplified radiation was w’ = 180cm ' (f ~ 10'2Hz) have been choosen.
We want to acknowledge numerical mistakes done by L.Friedland et al. We noticed
that they choose w = 180cm™!, and discussed three situations for the phase velocity
vp = 0,0.85, 1.3 respectively. In reviewing their calculations we found that ky = 12, 6.3,
and 5em ™! does not satisfy these values for v, ’s, the correct values are v, = 1.9, 2.7, and
3.2, but if we choose kg = —12,—6.3, —5ecm ™!, the resulted phase velocities of the pump
are v, =0, —0.85, and —1.3 respectively. This implies that the pump wave propagates
opposite to electron beam motion, which contradicts with their numerical assumptions.
Also, we want to acknowledge the corrections to Eqns. (39)-(41) in Ref.[3] , the correct
forms are given as follows

E "

Q=5 5 Sin(Ar’ +¥ - 61) (57)
E 1"

€ = —2:7102 Cos(it +¢ — ¢1) (58)
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and

A= i —(1 —ugo)(a—p1) + 2u%o(l —vp)/(uzo — vp) (59)
Yo Yo

For their configuration, the relation between w and w, is determined by|[3]

which is derived from

By = (k — ko)uso — (w — wy) (61)

under the assumption that §; ~ 0 and uy << ugp.

We repeated the calculations of Friedland’s work after taking the corrections into consid-
erations.

We adjusted the guide field so that w; = 0.1. The normalized gain parameter n =
10logio | ﬁ | is plotted against the pump field strength «q, and this was represented
for the three previously mentioned configurations in Figure la. From these figures we
note that there are significant gain enhancements at certain values of «g, which satisfy
the following analytical formulas

7o
Qecr1 = Uz0—0p 1 (62)
u3o( w3, u—zo)
and
Yo(1 —v2)
Qer2 = (Uso—’l)p)2 N (1_1,%) (63)
U20 U20
Figure 1b show that these critical points corresponding to the conditione -~ 0.+ 0.

which from a physics point of view describe the case of enhanced indnced response of the
svstem in the vicinity of orbital instabilitv. Figure la shows n- b ‘ ‘
the gain takes place at very low values of the pump field. N~

the critical ag = 1.12x 10 3
~ 12Gauss. However, it differs from the value reported by Friedbor ™ /3 [ETIITISS
for v, = 1.3)

corresponds Lo the magnetic Compolitiub vi vue puiip Ui ULy
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Figure 1a. Normalized gain 7 vs the strength Figure 1b. Orbital stability parameter
of the pump field for three different FEL con- apd vs ap for conditions of Fig.la, (v, =
figurations (v, = 0,-0.85,—1.3), v = 3, 0, —0.85, —1.3) [Friedland’s work]

L = 100cm, | uy |= 0.1, and u3o = 0.937,

w =180cm ™! [Friedland’s work]

Now we will discuss our results which are illustrated in Fig.2a and Figures.2.1b,
2.2b, 2.3b for three different phase velocities of the pump. We used the same parameters
for v, L, and u . But this is not the case for the rest of the parameters and especially
ko and wé), because there is another relation between them which is derived in section 3,

B = (k — ko)uso + (w +wp) (64)
which can be rewritten as follows
w = 'yg(l — uso)(kouzo — wg)) (65)

for electron resonance condition 8 ~ 0, and wugg >> usyg.-

For the case of the conventional magnetostatically pumped FEL (v, = 0, kg = 12em™!,
wy =0, w = 5.8em~!), the critical ap ~ 3.38 x 10~% corresponds to B,, of only 69
Gauss. For the case in which (v, = 0.35, ko = 20cm ™", wy = Tem™ ', w' = 6em™1), we
note that the critical ap = 5.35 x 10~ corresponds to the magnetic component of the
pump of only ~ 183Gauss.

The normalized gain parameter is plotted against the strength of the pump field for
the three previously mentioned configurations. Figure 2a shows significant gain enhance-
ments at certain values of ag. These critical points -Figs.2.1b, 2.2b, 2.3b- corresponds
to the conditions pg — 0, ps — 0, which as we indicated previously in this section to
describe the case of an enhanced induced response of the system in the vicinity of orbital
instability.
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Figure 2a. Normalized gain 7 vs the strength
of the pump field for three different FEL
configurations (v, = 0,0.35,0.85), v0 = 3,
L = 100cm, | u; |= 0.1, and wu3e = 0.937,
(v =5.8cm™t, 6em™!, 0.28em™)
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Figure 2.2b. Orbital stability parameter au3
vs ap for condition of Figure 2a.(v, = 0.35,
W' =6em™1)
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Figure 2.1b. Orbital stability parameter au?
vs «o for condition of Figure 2a.
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Figure 2.3b. Orbital stability parameter apu?
vs ap for condition of Figure 2a. (v, = 0.85,
w' =0.28cm™1)

Previous results prove that the backward radiation field contribute for gain en-
hacement of the system under invesigations, at low — power strengths of the pump, but
within new range of both the radiation field frequency, and the wiggler field amplitude

compared to Friedland’s results.
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The relation between the radiated field frequency and the pump frequency at res-
onance for all possible configurations is plotted in Figs.3.1a, 3.2a. The corresponding
relations between the radiated frequency and the phase velocity of the pump are plot-
ted in Figs.3.1b, 3.2b respectively. It is clear that forward radiation can be achieved for
vy > ugg and v, < 0 for a forward and backward electromagnetic pump respectively.
However, a backward radiation field is achieved when 0 < v, < u3 for a forward pump.

225.00 1
Forward Radiation Field 4.00
Backward Radiation Field
3.00
150.00 \
&
3 . A,
2,007 N,
N,
75.00+ N
1.001
.
0.00 0.00 . N
0.00 5.00 10.00 15.00 20.00 0.00 2.00 0.60 6.00
'y 'y
Figure 3.1a. The small amplitude vacuum Figure 3.2a. The small amplitude vacuum
forward radiation field frequency w’ vs the backward radiation field frequency w’ vs the
’ !
pump frequency wqy. (ko = —6.3, ko = +6.3), pump frequency wy. (ko = +6.3), uso =
U3z = 0.937 ' 0.937
225.007 4.507
Forward Radiation Field Backward Radiation Field
\
%
150.00 5 3.00
% §
? 5
'3 ) o 3 P
& 0
s “a,,
75.001 & 1.50 “,
~
AN
\\
0.00 0.00 -
-2.00 -1.00 0.00 1.00 2.00 3.00 0.00 0.20 0.40 0.60 0.80 1.00
Vo Uph
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Figure 3.1b. The small amplitude vacuum Figure 3.2b. The small amplitude vacuum
forward radiation field frequency w’ vs the backward radiation field frequency w’ vs the
pump phase velocity v,. (ko = —6.3cm™ ", pump phase velocity v,. (ko = 6.3cm '),
ko = +6.3cm™ 1), uso = 0.937 uso = 0.937

These results show us that we can benefit from the different and wide range of
frequencies that can be used by selecting ‘the appropriate magnetic component of the
pump to enhance the gain within the required radiation field frequency. Moreover,
chaotic behaviour of phase space trajectories in electromagnetically pumped FEL is under
investigations, and it will be the subject of a subsequent paper. This approach will
clarify the integrable range of this system, which will be helpful in selecting the suitable
parameters for efficient FEL operation.
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